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2
$X$ $E$ $\Gamma:=(X, E)$ . ,
(i.e. $|X|<\infty$), (i.e. 2 )
. $E$ $X\mathrm{x}X$ . , -
, $\langle$ (i.e. ${}^{t}E=E$), $j\mathrm{s}-\text{ ^{}\mathrm{Q}}$ (i.e. $\forall x\in X,$ $(x,$ $x)\not\in E$ )
. . 2 $x,$ $y\in E$
(i.e. (X, $y)\in E$ ) , $x$ $y$ , $x\sim y$ .
$x\in X$ $d_{x}:=|\{y\in X|x\sim y\}|$ $x$ degree valency
$\mathrm{s}$
$=\mathrm{D}$ . $\forall x\in X$ $d_{x}=\kappa$ , $\Gamma$ \mbox{\boldmath $\kappa$}- .
, Markov (state space) $X$ . $|X|$
$P$ $P_{x,y}\geq 0$ $\Sigma_{y\in x^{P_{x,y}=1}}$ , $x$ $y$
1 $P_{x,y}$ $X$ .
$P$ $X$ Markov . $P_{x},\cdot$ $x$





$=$ $x$ y k
, $(P^{k})_{x},\cdot$ $x$ k . 1
$\{P^{k}|k\in \mathrm{N}\}$ Markov $\mu=[\mu_{x}]_{x\in X}$ (
) , $\mu P^{k}$ k . $\pi P=\pi$
$\pi=[\pi_{x}]_{x\in X}$ . ,
$\pi$ . $X$ Markov , 1




, $t$ Poisson . ,
. ,
, , ( )
. ( , Markov
)
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, , Markov ,
. , $X$ $G$
. $X$ 1 $K$ . $P$ $P_{gx,gy}=P_{x,y}$
$(\forall g\in G, \forall x, y\in X)$ , $K\backslash G/K$ $P$ – , $P$ $P$
convolution $p*\cdot$ $\text{ }$ , $P$ $K$- $G$
G (i.e.
) , $X$ Markov . ,
, .
, , $Q$-polynomial
( 4 ). , 2 1 .
. 1 (Askey-Wilson )
.
.
Example $A$ (Ehrenfests $j\mathrm{s}$ ) $d$ 2 , 1
1 ) P. and T.
Ehrenfest ( ) ,
. , $X:=\{0,1\}^{d}$ , $X$ $\partial(x, y):=|\{i|x_{i}\neq y_{i}\}|$
( $x=(x_{i})_{i=1}^{d},$ $y=(y_{i})_{i=1}^{d}$ ) , $E:=\{(x, y)\in X\cross X|\partial(x, y)=1\}$ ,
$\Gamma:=(X, E)$ :
$P_{x,y}:=\{$
$1/d$ if $x\sim y$
$0$ if $x\not\simeq y$
. $\Gamma$ $d$- . $n$ – ,
$X:=\{0,1, \cdots, n-1\}^{d}$ , $\partial$ $E$ , $d(n-l)$- $\Gamma:=(X, E)$
:
$P_{x,y}:=\{$
$1/d(n-1)$ if $x\sim y$
$0$ if $x \oint y$
. $\Gamma=:H(d, n)$ Hamming $\mathrm{Q}$-polynomial
.
Example $B$ (Bernoulli-Laplace ) 2 – $d$
- $v-d$ , 1 1
2 .
. $d\leq v-d$ – . , $S:=\{1,2, \cdots, v\}$ d-
$X:=$ { $x\subset S|$ $=d$} , $X$ $\partial(x, y)=d-|x\cap y|$ ,





$1/d(v-d)$ if- $x\sim y$
$0$ if $x\not\simeq y$
. $\Gamma=:J(v, d)$ Johnson $Q$-polynomial
.
Example $C$ ( ) $n$ , 1
, 2 (2 – ), 2
. $\cdot X:=S_{n}$ ( $n$ ), $\Omega:=$ { }, $E:=\{(x, y)\in X\mathrm{x}X|yx^{-1}\in\Omega\}$




$2/n^{2}$ if $x\sim y$
$0$ otherwise
.
Example $D$ ( Gilbert-Shannon-Reeds ) ,
. , [3], [18], [7] . 1 , $n$
2 2 , 2 ,
. , k $n$ –k $/2^{n}$ ,
$P$ q ,
$P/p+q$ , $q/p+q$ . , $X:=S_{n}$ , $S_{n}$
2 (rising sequence) $R$ . $R$ 2








. ( $P$ support
$\text{ ^{}\prime}$ ) ,
$(P^{k})_{x,y}arrow\pi(y)=1/|X|$ as $karrow\infty$ for $\forall x,$ $y\in X$ (1)
. $x$ , $\lim_{karrow\infty}(P^{k})_{x},\cdot$
$X$ – . , (1)
.
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3(1) , k $(P^{k})_{x},\cdot$
. , $P$ , $x$
. , ,
.
$D(k)$ $:=$ $\frac{1}{2}\sum_{y\in X}|(P^{k})_{x,y}-\frac{1}{|X|}|=\frac{1}{2|X|}\sum_{x,y\in X}|(P^{k})_{x,y}-\frac{1}{|X|}|$ (2)
$C(t)$ $:=$ $\frac{1}{2}\sum_{y\in X}|(e^{t(P-I)})_{x,y}.-\frac{1}{|X|}|=\frac{1}{2|X|}\sum_{x,y\in X’}|(e^{t(P-I)})_{x,y}-\frac{1}{|X|}|$ . (3)
$\Gamma=(X, E)$ 1 , $\gamma:=1-$ ($P$ 2 ) (: $I-P$
) ,
$C(t) \leq\frac{1}{2}\sqrt{|X|-1}e^{-2\gamma t}=\frac{1}{2}e^{\log\sqrt{|X|-1}-2\gamma t}$
. , $t=1/2\gamma$ $t=\log\sqrt{|X|-1}/2\gamma$
,
. , , $-i\mathrm{s}$
.
,
. A (e.g. $\mathrm{N}$ $\mathrm{N}^{2}$ ) , $\{\Gamma^{(\lambda)}=(X^{(\lambda)}, E^{(\lambda)})|\lambda\in\Lambda\}$
$P^{(\lambda)}$ $X^{(\lambda)}$ , (2) (3)
$D^{(\lambda)}(k)$ $C^{(\lambda)}(t)$ .
Definition 1 (i), (ii) $k_{c}^{(\lambda)}\in \mathrm{N}$ .
(i) $k_{c}^{(\lambda)}arrow\infty$ and $k_{c}^{(\lambda)}/|X^{(\lambda)}|arrow 0$ as $\lambdaarrow\infty$ (along $\Lambda$ )
(ii) $\forall\epsilon>0,$ $\exists\lambda_{\epsilon}\in\Lambda$ and $\exists h_{\epsilon}^{(\lambda)}>0$ such that
$\bullet h_{\epsilon}^{(\lambda)}/k_{c}^{(\lambda)}arrow 0$ as $\lambdaarrow\infty$
$\bullet$ $\lambda>\lambda_{\epsilon}$
$0\leq k\leq k_{c}^{(\lambda)}-h_{\epsilon}^{(\lambda)}$ $\Rightarrow$ $D^{(\lambda)}(k)\geq 1-\epsilon$
$k\geq k_{c}^{(\lambda)}+h_{\epsilon}^{(\lambda)}$ $\Rightarrow$ $D^{(\lambda)}(k)\leq\epsilon$ .
, ( ) 1
, $k_{c}^{(\lambda)}$ . , $D^{(\lambda)}(k)$ $C^{(\lambda)}(t)$
, $k_{c}^{(\lambda)}$ $t_{c}^{(\lambda)}$ . –








1 $|X^{(\lambda)}|$ . , Def. 1 , $h_{\epsilon}^{(\lambda)}<<$
$k_{c}^{(\lambda)}<<|X^{(\lambda)}|$ 3 . , $k_{c}^{(\lambda)}$
. 1 , Zermelo
Boltzmann Boltzmann ( $k$ [23] ) , ,
.




Definition 2 Def. 1 , (i), (ii) $h^{(\lambda)}$ .
(i) $h^{(\lambda)}/k_{\mathrm{c}}^{(\lambda)}arrow 0$ as $\lambdaarrow\infty$
(ii) $D^{(\lambda)}(\lfloor k_{c}^{(\lambda)}+\theta h^{(\lambda)}\rfloor)arrow c(\theta)$ as $\lambdaarrow\infty$ ( $\theta$ ).
, $c(\theta)$ $0\leq c(\theta)\leq 1,$ $c(-\infty)=1,$ $c(\infty)=0$ . ,
$\text{ }\dot{\text{ }}$ ( ) 2 .
. –
, , Diaconis [7]
. $\cdot$ $\theta$ ( ) , $c(\theta)$
.
5 6 1 2
, , Ehrenfests , 1
. 2 Ex. A $n=2$ Hamming 2
, $(P^{k})_{x,y}$ $karrow\infty$ . , $E$ ,
: $\tilde{E}=E\cup\{(x, x)|x\in X\}$ . $-$ :
$\tilde{P}_{x,y}:=\{$
$1/(d+1)$ if $(x, y)\in E$
$0$ if $(x, y)\not\in\tilde{E}$
$arrow$
, $\lim_{karrow\infty}(\tilde{P}^{k})_{x,y}=1/|X|$ Ehrenfests , 1
2 ([6], [8]). $k_{c}^{(d)}\sim(1/4)d\log d(darrow\infty)$ ,
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Def. 1 $h_{\epsilon}^{(d)}$ Def. 2 $h^{(d)}$ $d$ . , Def. 2 $c(\theta)$ ,







, [2] . [2]
.
4.1
$X$ $X\cross X$ $R_{i}(i=0,1, \cdots, d)$ , .
(i) $R_{0}=\{(x, x)|x\in X\}$ , $X\cross X=R_{0}\cup R_{1}\cup\cdots\cup R_{d}$ (disjoint union)
(ii) $\forall i,$ $\exists i’$ such that ${}^{t}R_{i}=R$,
(iii) $\forall h,$ $i,$ $j$ , $(x, y)\in R_{h}$
$p_{ij}^{h}:=|\{z\in X|(x, z)\in R_{i}, (z, y)\in R_{j}\}|$
$x,$ $y$ .
(iv) $\acute{p}_{ij}^{h}=p_{ji}^{h}$ (v) $i’=i$ .
(i) – (iii) , $\mathcal{X}=(X, \{R_{i}\}_{i=0}^{d})$ class $d$ .
(iv) $\mathcal{X}$ , (v) . $p_{ij}^{h}$
intersection number, $\kappa_{i}:=p_{ii’}^{0}=|\{y\in X|(x, y)\in R\}|$ ( $x$ ) valency .
$i$ (adjacency matrix) $|X|$ $A_{i}$
$(A_{i})_{x,y}:=\{$
1if $(x, y)\in R_{i}$
$0$ if $(x, y)\not\in R_{i}$
. $(\mathrm{i})-(\mathrm{i}\mathrm{i}\mathrm{i})$ , (iv), (v) ,
.
$(\mathrm{i}’)A_{0}=I$ ( ), $A_{0}+A_{1}+\cdots A_{d}=J$ ( 1 )






$A_{d}$ Mat $(|X|, \mathrm{C})$ $d+1$ $A$ X Bose-Mesner
. , $X$ $G$
: $X\cross X=R_{0}\cup R_{1}\cup\cdots\cup R_{d}$ . $X$ 1 $K$ ) Bose-Mesner
$A$ convolution Fun$(K\backslash G/K)$ . ,
$(G, K)$ Gel’fand .
Assumption , .
$A$ :
Fun(X) $=V_{0}\oplus V_{1}\oplus\cdots\oplus V_{f}$ (4)
. , , $i\neq j$ $V_{j}$ $A_{h}$
. $\Sigma_{x\in X}\delta_{x}.\#\mathrm{h}A$ , $J(=\Sigma_{h}A_{h})$
. , (4) 1 ,
$V_{0}$ . Fun(X) $E_{i}$ . $E_{0}=|X|^{-1}J$
. (4) $A_{i}=\Sigma_{j=0}^{\gamma}p_{i}(j)E_{j}$ . (4) $E_{j}$ $A_{0},$ $\cdots,$ $A_{d}$
, $A_{i}’ \mathrm{s},$ $E_{j}’ \mathrm{s}$
, $r=d$ . $\mathcal{P}=[p_{i}(j)]_{j,i}$ ,
$[A_{0}A_{1}\cdots A_{d}]=[E_{0}E_{1}\cdots E_{d}]’\mathcal{P}$
, $P$ 2 $A$ intertwine ’p $\mathcal{X}$ .
$m_{i}:=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}E_{i}$ multiplicity . $A$ Hadamard $\circ$ (i.e. )
, $E_{i}’ \mathrm{s}$ Hadamard
$(|X|E_{i}) \circ(|X|E_{j})=\sum_{h=0}^{d}q_{ij}^{h}(|X|E_{h})$
$\text{ }\#arrow \text{ }\mathrm{I}\int \text{ }-$ $q_{ij}^{h}$ Krein 5 \emptyset - 1
, Krein $\text{ }$ 1 $q_{11}^{1}$ .
, 5 , .
Gel’fand $(G, K)$ , $G$ $\varphi$ , K- ,
$\varphi(e)=1,$ $\{f*\cdot|f\in L^{1}(K\backslash G/K)\}$ .
Lemma 1 $A$ class $d$ $\mathcal{X}$ Bose-Mesner
, $j=0,1,$ $\cdots,$ $d$ , $\sum_{i=0}^{d}(p_{i}(j)/\kappa_{i})A_{i}$ $A$ .
.
$A_{h}( \sum_{i=0}^{d}\frac{p_{i}(j)}{\kappa_{i}}A_{i})=p_{h’}(j)\sum_{i=0}^{d}\frac{p_{i}(j)}{\kappa_{i}}A_{i}$
([17] Lemma 5). –
Lemma 1 , $\Sigma_{i=0}^{d}(p_{i}(j)/\kappa_{i})A_{i}$ j .
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4.2
(X, $E$ ) . $x,$ $y\in X$ , $x$ $y$
$\partial(x, y)$ , $d$ $:= \max_{x,y\in x}\partial(x$ , . (X, $E$)
(distance-regular) , $\partial(x, y)=h$
$p_{ij}^{h}:=|\{z\in X|\partial(x, z)=i, \partial(z, y)=j\}|$
$x,$ $y$ .
(7) $R_{i}:=\{(x, y)\in X\cross X|\partial(x, y)=i\}$ , $\mathcal{X}=(X, \{R_{i}\}_{i=0}^{d})$ $-$
( )
( ) $i=0,1,$ $\cdots,$ $d$ $A_{i}=v_{i}(A_{1})$ $i$ $v_{i}(x)$
. , ,
. , $i=0,1,$ $\cdots,$ $d$ $E_{i}=v_{i}^{*}(E_{1})$
$i$ $v_{i}^{*}(x)$ , $Q$-polynomial . , $v_{i}^{*}(E_{1})$
, Hadamard . 2 Examples
Hamming $H(d, n)$ Johnson $J(v, d)$ , $Q$-polynomial
.
, Bose-Mesner $A$ $A:=A_{1}$ . $A$
$A=\Sigma_{j=0}^{d}p_{1}(j)E_{j}$ $A$ .




, . ( 2 )
.
, $d$ , ,
$\kappa:=\kappa_{1}$ , $m:=m_{1}$ , $\theta_{j}:=p_{1}(j)$ $(j=0,1, \cdots, d)$







$P$ $X=G/K$ Markov , $G$ $X\cross X=$
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$R_{0}\cup R_{1}\cup\cdots\cup R_{d}$
$P$ $\Leftrightarrow$ $\forall g\in G,$ $\forall x,$ $y\in X$ , $P_{gx,gy}=P_{x,y}$
$\Leftrightarrow$ $P_{x,y}$ $X\cross X$
$\Leftrightarrow$ $P$ Bose-Mesner
.




$P= \sum_{i=0}^{d}\frac{w_{i}}{\kappa_{i}}A_{i}$ $(w_{i} \geq 0_{;}\sum_{i=0}^{d}w_{i}=1)$ . $\cdot(6)$
, (2) (3) (i.e. $x$ ) .
$E_{0}=|X|^{-1}J$ , ,
,
$D(k)$ $:=$ $\frac{1}{2|X|}\sum_{x,y\in X}|(P^{k}-E_{0})_{x,y}|$ (7)
$C.(t.)$
$:=$ $\frac{1}{2|X|}\sum_{x,y\in X}|(e^{t(P-I)}-E_{0})_{x,y}|$ (8)
$\langle$ .





$\leq$ $\frac{1}{4}\sum_{j=1}^{d}m_{j}\exp\{-2t\sum_{i=0}^{d}w_{i}(1-{\rm Re}\frac{p_{i}(j)}{\kappa_{i}})\}$ .
, $P$ Schwarz –
Prop. 1 [11] “uPPer bound lemma” , $D(k)$
$C(t)$ .
(6) $w_{1}=1$ , , $P=A_{1}/\kappa_{1}$
. 1 1 $1/\kappa_{1}$ .
, Prop. 1 (upper bound lemma)
$D(k)^{2}$ $\leq$ $\frac{1}{4}\sum_{j=1}^{d}m_{j}(\frac{\theta_{j}}{\kappa})^{2k}$ (9)
$C(t)^{2}$ $\leq$ $\frac{1}{4}\sum_{\mathrm{I}j1}^{d}m_{j}\exp\{-2t(1-\frac{\theta_{j}}{\kappa})\}$ (10)
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.5 1
, $Q$-polynomial $-$ ,
. Diaconis , 2
([7]). , .
(10) . (5) , (10)
$j=1$ .
$m \exp\{-2t(1-\frac{\theta_{1}}{\kappa})\}=\exp\{\log m-\frac{2(\kappa-\theta_{1})}{\kappa}t\}$
, $t=(\kappa/2(\kappa-\theta_{1}))(\log m+c)$ , $e^{-c}$ . $\log m$ , $t_{c}=(\kappa/2(\kappa-$
$\theta_{1}))\log m$ $C(t)$ . , 2 $m$
, $t_{c}$ . ,
, 2 multiplicity .
, $C(t)$ . .
$\{\mathcal{X}^{(\lambda)}=(X^{(\lambda)}, E^{(\lambda)})|\lambda\in\Lambda\}$ $Q$-polynomial , $\mathcal{X}^{(\lambda)}$
$-$ , (7) (8) $D^{(\lambda)}(k)$ $C^{(\lambda)}(t)$ .
, $\mathcal{X}^{(\lambda)}$ (\mbox{\boldmath $\lambda$}) e.g. $\kappa^{(\lambda)},$ $m^{(\lambda)},$ $\theta_{j}^{(\lambda)},$ $m_{j}^{(\lambda)},$ $d^{(\lambda)},$ $q_{11}^{1(\lambda)}$ etc.
[15], [17] .
5.1
Theorem 1 (an upper estimate in continuous time) $(\mathrm{i})-(\mathrm{i}\mathrm{v})$ $\alpha>0$ ,
$\phi$ : $\mathrm{N}arrow \mathrm{R},$ $\psi$ : N\rightarrow R+( $\lambda$ ) .
(i) $\frac{\kappa^{(\lambda)}-\theta_{j}^{(\lambda)}}{\kappa^{(\lambda)}-\theta_{1}^{(\lambda)}}\geq\psi(j)$ $(j=1, \cdots, d^{(\lambda)})$





$t:= \frac{\kappa^{(\lambda)}}{2(\kappa^{(\lambda)}-\theta_{1}^{(\lambda)})}(\log m^{(}’. )+c)$ $(c>.0)$
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.$C^{(\lambda)}(t) \leq\frac{\sqrt{M}}{2}e^{-c/2}$
Theorem 2 (an upper estimate in discrete time)
(0) $|\theta_{d^{\langle\lambda)}}^{(\lambda)}|\leq\theta_{1}^{(\lambda)}$
, $(\mathrm{i})-(\mathrm{i}\mathrm{v})$ $\alpha>0,$ $\phi$ : $\mathrm{N}arrow \mathrm{R},$ $\psi$ : N\rightarrow R+( \mbox{\boldmath $\lambda$}
) .
(i) $\frac{\log|\theta_{j}^{(\lambda)}/\kappa^{(\lambda)}|}{\log(\theta_{1}^{(\lambda)}/\kappa^{(\lambda)})}\geq\psi(j)$ $(j=1, \cdots, d^{(\lambda)})$
(ii) $\log m^{(\lambda)}-\frac{\log(\theta_{1}^{(\lambda)}/\kappa^{(\lambda)})}{\log|\theta_{j}^{(\lambda)}/\kappa^{(\lambda)}|}\log m_{j}^{(\lambda)}\geq\phi(j)$ $(j=1, \cdots, d^{(\lambda)})$




$k:= \lceil\frac{\log m^{(\lambda)}+c}{-2\log(\theta_{1}^{(\lambda)}/\kappa^{(\lambda)})}\rceil$ $(c>0)$
$D^{(\lambda)}(k) \leq\frac{\sqrt{M}}{2}e^{-c/2}$
.
Th. 1 Th. 2 upper bound lemma (10) (9)
. , $Q$-polynomial , [17] –
Th. 1 (i) ,
$\psi(d^{(\lambda)})\leq\frac{\kappa-\theta_{d}^{(\lambda)}}{\kappa-\theta_{1}^{(\lambda)}}\leq\frac{2\kappa}{\kappa-\theta_{1}^{(\lambda)}}=\frac{2}{1-(\theta_{1}^{(\lambda)}/\kappa^{(\lambda)})}$
, $\lambdaarrow\infty$ ( ) $d^{(\lambda)}arrow\infty$ , (iv)
$\psi(d^{(\lambda)})arrow\infty$ , $1-(\theta_{1}^{(\lambda)}/\kappa^{(\lambda)})arrow 0$ . ,




Theorem 3 ( $\mathrm{a}$ lower estimate in continuous time) $(\mathrm{i})-(\mathrm{i}\mathrm{i}\mathrm{i})$ .
(i) $m^{(\lambda)}arrow\infty$ as $\lambdaarrow\infty$
(ii) $\frac{\kappa^{(\lambda)}-\theta_{2}^{(\lambda)}}{2(\kappa^{(\lambda)}-\theta_{1}^{(\lambda)})}=1+\frac{o(1)}{\log m^{(\lambda)}}$ as $\lambdaarrow\infty$




, $\forall\epsilon>0,$ $\exists c_{\epsilon}>0$ and $\exists\lambda_{\epsilon}\in\Lambda$ such that
$\bullet$ $\lambda>\lambda_{\epsilon}\Rightarrow\log m^{(\lambda)}>c_{\epsilon}$
$\bullet$ $\lambda>\lambda_{\epsilon}$ and $\log m^{(\lambda)}\geq c>c_{\epsilon}\Rightarrow C^{(\lambda)}(t)\geq 1-\epsilon.\cdot$
Theorem 4 ($\mathrm{a}$ lower estimate in discrete time) (0) –(iii) .
(0) $\theta_{2}^{(\lambda)}>0$ , $\{\log(\kappa^{(\lambda)}/\theta_{1}^{(\lambda)})/\log m^{(\lambda)}|\lambda\in\Lambda\}$
(i) , (iii) in Th. 3
(ii) $\frac{\log(\theta_{2}^{(\lambda)}/\kappa^{(\lambda)})}{2\log(\theta_{1}^{(\lambda)}/\kappa^{(\lambda)})}=1+\frac{o(1)}{\log m^{(\lambda)}}$ as $\lambdaarrow\infty$ .
,
$k:= \lfloor\frac{\log m^{(\lambda)}-c}{-2\log(\theta_{1}^{(\lambda)}/\kappa^{(\lambda)})}\rfloor$ $(0\leq c\leq\log m^{(\lambda)})$
, $C^{(\lambda)}(t)$ $D^{(\lambda)}(k)$ Th. 3 . –
[17] Th. 3 Th. 4 .
Th. 3 Th. 4 , Diaconis Shahshahani [11], [12]
.
, [17] . , .
Lemma 2 $Q_{1},$ $Q_{2}$ $(\Omega, B)$ , $\Omega$ $\mathrm{R}$- $f$ , $Q_{1}$
$\mu>0$ , $v>0$ , $Q_{2}$ $0$ , 1 ,
$0<\forall r<.\underline{\text{ }}$...
$||Q_{1}-Q_{2}||:= \max_{B\in \mathcal{B}}|Q_{1}(B)-Q_{2}(B)$ I $\geq 1-\frac{1}{r^{2}}-\frac{v}{(\mu-r)^{2}}$
. ( Chebychev .) –
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, $|X|$ 0-1 $\mathcal{I}$ , $\tau$ ,
(8)
$C(t)= \frac{1}{|X|}\max\tau((e^{t\Delta}-E_{0})\circ A)A\in \mathcal{I}$ $( \Delta:=P-I=\frac{1}{\kappa}A_{1}-I)$
. $\Omega:=X\cross X$ , $X\cross X$ –
$Q_{1}:= \frac{1}{|X|}\tau(e^{t\Delta}\circ\cdot)$ , $Q_{2}:= \frac{1}{|X|}\tau(E_{0}\circ\cdot)$
, Lem. 2 . , 4
,





$v$ $:=$ $\frac{1}{|X|}\tau(e^{t\Delta}\circ m\sum_{i=0}^{d}\frac{p_{i}(1)^{2}}{\kappa_{i}^{2}}A_{i})-\mu^{2}$
$=$ $1+q_{11}^{1}e^{t((\theta_{1}/\kappa)-1)}+(m-1-q_{11}^{1}.)e^{t((\theta_{2}/\kappa)-1)}-me^{2t((\theta_{1}/\kappa)-1)}$
. Th. 3 $V/\mu^{2}arrow 0$ as $\lambdaarrow\infty$ , Lem. 2
. .
5.3
Th. $1+\mathrm{T}\mathrm{h}$ . $3$ Th. $2+\mathrm{T}\mathrm{h}$ . $4$ , 1
.
Theorem 5 $\lambda\in\Lambda$ $Q$-polynomial
, .




, $h_{\epsilon}^{(\lambda)}$ $\kappa^{(\lambda)}/2(\kappa^{(\lambda)}-\theta_{1}^{(\lambda)})$ .
(2) . Th. 2 (0) $-(\mathrm{i}\mathrm{v})$ Th. 4 $\mathit{0}$) (0) $-(\mathrm{i}\mathrm{i}\mathrm{i})$ , 1
.
$k_{\mathrm{c}}^{(\lambda)}= \lfloor\frac{1}{-2\log(\theta_{1}^{(\lambda)}/\kappa^{(\lambda)})}\log m^{\{\lambda)}\rfloor$









Ehrenfests – $H(d, n)$ ,




$\theta_{j}=d(n-1)-nj$ , $m_{j}=(n-1)^{j}$ $(j=0,1, \cdots, d)$ , $q_{11}^{1}=n-2$
([2] 3 ). $n\geq 3$ . . $darrow\infty$
.
, Th. 2 . $\theta_{1}-|\theta_{d}|=d(n-1)-n-d$ , $d$ (0)
$\mathrm{O}\mathrm{K}$ . $\theta_{j}\geq 0\Leftrightarrow j\leq(1-(1/n))d$ . $\log$
$\log(1-b)/\log(1-a)>b/a$ $(0<a<b<1)$
.
$j \leq(1-\frac{1}{n})d$ $\frac{\log(\theta_{j}/\kappa)}{\log(\theta_{1}/\kappa)}\geq j$
$j>(1- \frac{1}{n})d$ $\frac{\log|\theta_{j}/\kappa|}{\log(\theta_{1}/\kappa)}\geq\frac{\log|\theta_{d}/\kappa|}{\log(\theta_{1}/\kappa)}\geq(1-\frac{2}{\dot{n}})d\geq(1-\frac{2}{n})j$
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, $\psi(j):=j/3$ (i) $\mathrm{O}\mathrm{K}$ .
$\log m_{j}\leq j\log(n-1)+j\log d-\log j!$
, $j\leq(1-(1/n))d$
$\log m-\frac{\log(\theta_{1}/\kappa)}{\log(\theta_{j}/\kappa)}\log m_{j}-\geq\frac{\log j!}{j}$
, $j>(1-(1/n))d$




$- \frac{2/n}{1-(2/n)}\log(n-1)+\frac{2/n}{1-(2/n)}\log(1-\frac{1}{n})+\log j+\frac{1}{1-(2/n)}(\frac{\log j^{1}}{j}-\log j)$
$=\log j+O(1)$
, $\phi(j):=\log j+$ $k$ (ii) OK (iii) (iv) .
, Th. 4 . $d$ (0) $\mathrm{O}\mathrm{K}$ . $(\mathrm{i})$ .
$\{\frac{\log(\theta_{2}/\kappa)}{2\log(\theta_{1}/\kappa)}-1\}\log m$ $=$ $\frac{\dot{O}(1/d^{2})}{\log(1-n/(n-1)d)}\{\log(n-1)+\log d\}$
$=$ $\frac{O(1/d)}{-n/n-1+O(1/d)}\{\log(n-1)+\log d\}$ $(darrow\infty)$
, $(\log n)/darrow \mathrm{O}$ (ii) $\mathrm{O}\mathrm{K}$ .
$\frac{(q_{11}^{1})^{2}}{m}=\frac{1-2/n}{1-1/n}\frac{n}{d}$
, $n/d$ (iii) $\mathrm{O}\mathrm{K}$ .
, $n/d$ , $darrow\infty$ 1
.







Bernoulli-Laplace q- [12], [13], [4]
$-[14]$
$-[21],$ $[22],$ $[19],$ $[20],$ $[24]$




, Ehrenfests [8] Ehrenfests – )
[25], [16] $\mathrm{G}\mathrm{i}\mathrm{l}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{t}-\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{n}\mathrm{n}\mathrm{o}\mathrm{n}$ -Reeds
[3] . [26] 2 . , [16]
Hamming $H(d, n)$ 2 . \S \S 5.4
, $n/d$ $darrow\infty$ 1 .
, , $darrow\infty$ $n/d$ $0$
.
,
. $P$ (6) ,
$P_{k}(h):=(P^{k})_{x,y}$ , $P(t, h):=(e^{t(P-I)})_{x,y}$ for $(x, y)\in R_{h}$
. ( $h$ , $x,$ $y$ ) $|X|E_{i}=$
$\Sigma_{j=0}^{d}q_{i}(j)A_{j}$ , $q_{i}(j)(i,j=0,1, \cdots, d)$ .
Proposition 2 (6) $P$ )
$P_{k}.$ (h)- $=$ $\frac{1}{|X|}\sum_{j=0}^{d}(\sum_{i=0}^{d}\frac{w_{i}}{-\kappa_{i}}p_{i}(j))^{k}q_{j}(h)$ (11)
$P(t, h)$ $=$ $\frac{1}{|X|}\sum_{j=0}^{d}\exp\{-t(1-\sum_{i=0}^{d}\frac{w_{i}}{\kappa_{i}}p_{i}(j))\}q_{j}(h)$ (12)
. ( $P$ . [16] )–
, $H(d, n)$ . $n\geq 3$ Krawtchouk
$K_{i}(u):= \sum_{l=0}^{i}(-n)^{l}(n-1)^{i-l}$






. , (12) ,.
$P(t, h)$ $=$ $\frac{1}{|X|}\sum_{j=0}^{d}\exp\{-t(1-\frac{\theta_{j}}{\kappa})\}q_{j}(h)$
$=$ $\frac{1}{n^{d}}\{1+(n-1)\exp(-\frac{nt}{(n-1)d})\}^{d-h}\{1-\exp(-\frac{nt}{(n-1)d})\}^{h}$ (13)
. (13) , $(\kappa_{h}P(t, h)|h=0,1,$ $\cdots,$ $d)$ 2 . ,
.
[25] Voit , , Ehrenfests 2
.
(Step 1) , .
(Step 2) , $P^{k}$ $e^{k(P-I)}$ ,
.
$H(d, n)$ , , Voit
. (Step 2) , $||P^{k}-e^{k(P-I)}||_{HS}$ ,
, $n$ – , $darrow\infty$ $0$ . (\S \S 5.4
) , Th. 6, Th. 7 .
, Berry-Esseen ( – ) ,
[16] .
Theorem 6 $darrow\infty$ $n/darrow\tau(>0)$ , $\theta$
$D^{(d,n)}( \lfloor(1-\frac{1}{n})d\{\log(n-1)d+\theta\}\rfloor)arrow||p_{1/\tau}-p_{(1/\tau)+(e^{-\theta/2}/\eta_{\tau}}||$
- . , $|$ } $\cdot||$ , $p_{\alpha}$ intensity $\alpha$ Poisson .
Theorem 7 $darrow\infty$ $n/darrow \mathrm{O}$ ( $n\geq 3$ ), $\theta$
$D^{(d,n)}( \lfloor(1-\frac{1}{n})d\{\log(\dot{n}-1)d+\theta\}\rfloor)arrow\frac{2}{\sqrt{\pi}}\int_{0}^{e^{-\theta/2}/2\sqrt{2}}e^{-t^{2}}dt$
.
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